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Unified graded differential algebra, generated by κ-Minkowski noncommutative (NC) coordinates,
Lorentz generators and anticommuting one-forms, is constructed. It is compatible with κ-Poincaré-Hopf
algebra. For time- and space-like deformations, the super-Jacobi identities are not satisfied. By introducing
additional generator, interpreted as exterior derivative, we find a new unique algebra that satisfies all super-
Jacobi identities. It is universal and valid for all type of deformations (time-, space-, and light-like). For
time-like deformations this algebra coincides with the one in [42]. Different realizations of our algebra in
terms of super-Heisenberg algebra are presented. For light-like deformations we get 4D bicovariant calcu-
lus, with κ-Poincaré-Hopf algebra and present the corresponding twist, which is written in a new covariant
way, using Poincaré generators only. In the time- and space-like case this twist leads to κ-Snyder space.
Our results might lead to applications in NC quantum field theories (especially electrodynamics and gauge
theories), quantum gravity models, and Planck scale physics.
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I. INTRODUCTION
One of the open problems in theoretical physics is the search for a fundamental theory describing physics
at the Planck scale, i.e. the scale at which gravitational effects are equally strong as quantum ones. At the
Planck scale the idea of size or distance in classical terms is no longer valid, because one has to take into
account quantum uncertainty [1]. Such effects are naturally treated in the noncommutative (NC) spacetime
approach and one needs to use the framework of noncommutative geometry (NCG). Noncommutative ge-
ometry, particularly NC spacetimes, have found many applications in physical theories, concerning NCQFT
defined over NC spaces with twisted Poincare symmetry [2], NC gauge theories [3] and NC gravity [4–6].
Deformation of spacetime and its symmetries [1], [7] is considered as one of the approaches to quantization
of the theory of gravity.
Research on the structure of spacetime at the Planck scale, where quantum gravity corrections have to
be taken into account, is one of the most important challenges of fundamental physics. The Hopf algebra
(quantum group) formalism is strongly connected with NC spacetimes. Quantum groups [8] are thought as
generalizations of symmetry groups of the underlying spacetime. The quantum group formalism was also
fruitfully used in quantizing gravity (in 2+1 dimensions) starting from the Chern-Simons formulation. In
that case the relevant quantum group is the Lorentz double, which is the quantum double of the universal
cover of the (2+1)-dimensional Lorentz group [9]. Recently there has been interest in the noncommutative
version of Riemannian geometry [10–12]. One of the most fruitful approaches has been proposed by the J.
Wess and collaborators [3, 4], which combined with quantum group methods resulted in the formulation of
twist-deformed Riemannian geometry together with the twisted version of Einstein equations [10].
Among the quantum symmetries, the κ-Poincaré symmetry [7, 13, 14] is one of the most extensively
studied together with the κ-deformed Minkowski space emerging out of it through the cross product algebra
construction [13]. The reason for this is two-fold. First, the quantum field theory with κ-Poincaré symmetry
springs out in a certain limit of quantum gravity coupled to matter fields after integrating out the gravita-
tional/topological degrees of freedom [9, 15]. This amounts to having an effective theory in the form of
a noncommutative field theory on the κ-deformed Minkowski space. The second reason is that the DSR
models [16–18] are mostly studied within the framework of the κ-Poincaré algebra, where the κ-deformed
Minkowski spacetime provides the arena for studying the particle kinematics.
κ-Minkowski space is related to a deformation of the Poincaré group as a Hopf algebra, called the κ-
Poincaré-Hopf algebra, which coacts on κ-Minkowski space. The physical implications of κ-deformations
were extensively studied and some of the main results of pursuing this line of research are, e.g., the con-
struction of quantum field theories [19]-[27], electrodynamics [28]-[30], NC quantum mechanics [31, 32],
2
considerations of quantum gravity effects [33]-[37] and the modification of particle statistics [38]-[40] on
κ-Minkowski space.
In formulating field theories on NC spaces, differential calculus plays an essential role. There is a
bicovariant differential calculus [41] on κ-Poincaré-Hopf algebra which in general has an extra cotangent
direction (calculus has one dimension more than the classical case) for the time-like deformations [42].
This was generalized to n-dimensions in [43]. In [35] it was discussed that by gauging this extra one form,
one can introduce gravity in the model, and in [44] this framework is adapted to formulate field theories.
Besides that, the physical interpretation of this extra one-form with no classical analogue remains unclear
and one is further motivated to construct a NC differential calculus of classical dimension.
In [45, 46], Poincaré algebra was extended with the dilatation operator to the so called Poincaré-Weyl
algebra, which enabled the construction of four-dimensional differential algebra on the κ-Minkowski space.
From the action of exterior derivative, in [47, 48] differential algebras of classical dimension were also
constructed.
In [49] the authors have constructed two families (D1 and D2) of differential algebras of classical di-
mension. When introducing Lorentz symmetry, the main novelty was that the realization for the Lorentz
generators contains Grassmann-type variables. As a consequence, generators of the Lorentz algebra act
covariantly on one-forms, without the need to introduce an extra cotangent direction (extra one-form). The
action is also covariant if restricted to the κ-Minkowski space. However, one loses Lorentz covariance when
considering forms of order higher than one.
Bicovariant differential calculus on κ-Minkowski space-time has been analyzed in [50]. The κ-deformed
coordinates and forms (and also super-Heisenberg algebra), using extended twist, have been constructed.
However, this construction is compatible with κ-deformed igl(4)-Hopf algebra.
In this letter we construct unified graded differential algebra generated by NC coordinates xˆµ, Lorentz
generators Mµν and anticommuting NC one-forms ˆξµ. We demand that Mµν and xˆµ generate a Lie algebra
(compatible with κ-Poincaré-Hopf algebra), ˆξµ transform vector-like under Lorentz transformations, and
that the algebra between NC coordinates xˆµ and NC one-forms ˆξµ is closed in one-forms (i.e. the differen-
tial calculus is of classical dimension). We show that for deformations a2 , 0 (i.e. time- and space-like)
the super-Jacobi identities containing Mµν, xˆµ and ˆξµ are not satisfied. When we enlarge this algebra by
introducing a new generator ˆd, interpreted as exterior derivative, we find a new unique algebra that satisfies
all super-Jacobi identities. This new graded differential algebra is universal, i.e. it is valid for all type of
deformations aµ (time-like, space-like and light-like). When aµ = (a0, ~0), the obtained algebra corresponds
to the differential algebra in [42] if the extra form φ is identified with our exterior derivative ˆd. Different re-
alizations of our algebra in terms of super-Heisenberg algebra are presented, and it is shown that the volume
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form vol is undeformed. For light-like deformations a2 = 0 we get 4-D bicovariant calculus (compatible
with [51]), present the corresponding Hopf algebra structure (which is κ-Poincaré-Hopf algebra), and con-
struct the corresponding twist operator. This twist in a2 = 0 case can be written in a new covariant way and
is expressed in terms of Poincaré generators only. It is interesting to note that in the case a2 , 0, this twist
leads to κ-Snyder space.
II. CONSTRUCTION OF THE UNIFIED GRADED DIFFERENTIAL ALGEBRA
Let NC coordinates xˆµ satisfy κ-Minkowski spacetime algebra,
[xˆµ, xˆν] = i(aµ xˆν − aν xˆµ), (1)
generators Mµν satisfy Lorentz algebra
[Mµν, Mλρ] = ηνλMµρ − ηµλMνρ − ηνρMµλ + ηµρMνλ, (2)
and basic NC one-forms ˆξµ satisfy
{
ˆξµ, ˆξν
}
= 0, (3)
where aµ are constant deformation parameters, ηµν = diag(−1, 1, 1, 1), Mµν are antisymmetric (Mµν =
−Mνµ) and the Greek indices µ, ν, ρ, ... = {0, 1, 2, 3}. In order to generalize Lie superalgebra generated by{
xˆµ, Mµν, ˆξµ
}
which should be compatible with κ-Poincaré-Hopf algebra [52] i.e.
[Mµν, xˆλ] = ηνλ xˆµ − ηµλ xˆν − iaµMνλ + iaνMµλ (4)
we impose the Lorentz covariance condition (see [49] and [50])
[Mµν, ˆξλ] = ηνλ ˆξµ − ηµλ ˆξν (5)
and the requirement that the commutator [ˆξµ, xˆν] is closed in one-forms ˆξλ
[ˆξµ, xˆν] = iK λµν ˆξλ (6)
where K λµν ∈ R and xˆ†µ = xˆµ, M†µν = −Mµν, and ˆξ†µ = ˆξµ. In [52] it was proven that relations (1), (2) and (4)
define a unique Lie algebra generated by
{
xˆµ, Mµν
}
that leads to κ-Poincaré Hopf algebra (after introducing
commutative momenta pˆµ). The relations (2), (3) and (5) define undeformed Lie superalgebra generated by{
ˆξµ, Mµν
}
. In [49] two families of differential algebras, D1 and D2, generated by
{
ˆξµ, xˆµ
}
were constructed.
In [53] it is shown that for aµ = (a0, ~0), there exist three family of algebras D1, D2 and D3 which are
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the only differential algebras compatible with super-Jacobi identities, which exhausts all possible choices
of K λµν . However, we point out that there does not exist Lie superalgebra generated by
{
xˆµ, Mµν, ˆξν
}
and
satisfying (1)-(6) for deformations aαaα , 0. Namely, mixed Jacobi relations containing Mµν, xˆλ and ˆξρ
cannot be satisfied for any choice of K λµν corresponding to families D1, D2 and D3 . More precisely, if we
postulate κ-Minkowski space (1), Lorentz algebra (2), then demand that xˆµ and Mµν form a Lie algebra (4),
that one-forms are closed (6) and transform vector-like under Lorentz transformations (Lorentz condition
for bicovariant calculus) (5), then the Jacobi identity for Mµν, xˆα and ˆξβ is not satisfied (after we explicitly
use the expression for K λµν corresponding to algebras D1,2,3 and in general aαaα , 0). This means that
for aαaα , 0 we cannot have algebra that is closed in one-forms and at the same time compatible with
κ-Poincare algebra i.e. with Lorentz covariance condition (4) and (5). However, we can satisfy all super-
Jacobi identities for generators
{
xˆµ, Mµν, ˆξν
}
defined by eqs. (1)-(6) if we do not insist4 that the algebra
is closed in one forms ˆξµ. One possible way to construct such graded algebra is to include commuting
momenta pˆµ that is compatible with relations (1)-(6). Then the commutator between one-forms ˆξµ and NC
coordinates xˆµ is no longer closed in one forms, i.e. tensor K λµν depends on pˆµ, that is K λµν ≡ K λµν (pˆ). In
general, there is infinitely many such graded algebras. For example, such algebras are defined by eqs.(1)-(6)
and momenta pˆµ = Pµ in natural realization (or classical basis) [16, 52, 54, 55]
[Pµ, Pν] = 0,
[Pµ, xˆν] = −i
(
ηµνZ−1 − aµPν
)
, [Pµ, ˆξν] = 0,
[Mµν, Pλ] = ηνλPµ − ηµλPν
(7)
where Z−1 = a · P +
√
1 + a2P2, with one explicit example
K λµν (P) = ηµνaλ + δλνaµ + a2Pµδλν +
a2Pνδλµ√
1 + a2P2
(8)
(for another example see eqs. (46-48) in [50]).
There is another way of constructing Lie superalgebra, by adding the new generator ˆd, interpreting it as
4 However, if we insist that the algebra is closed in one-forms, then the whole algebra is compatible with κ-igl(4) in general. That
is we have
[Mµν, xˆλ] = ηνλ xˆµ − ηµλ xˆν
+ ηνλKαβµL
β
α − ηµλKαβνL βα − KανλLαµ + KαµλLαν − KνβλL βµ + KµβλL βν
where Lµν is a generator of gl(4) algebra for which we have
[Lµν, xˆλ] = ηνλ xˆµ + ηνλKαβµL βα − KανλLαµ − KνβλL βµ
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NC exterior derivative, satisfying the following relations
ˆd2 = 0, [ˆd, xˆµ] = ˆξµ,
[Mµν, ˆd] = 0,
{
ˆd, ˆξµ
}
= 0.
(9)
Now, we write the most general ansatz for the commutator between one-forms ˆξµ and NC coordinates xˆµ
that is compatible with the Lorentz algebra, i.e. [ˆξµ, xˆν] = i
[
C1aµ ˆξν +C2aν ˆξµ + ηµν
(
C3(a · ˆξ) +C4a2 ˆd
)]
,
where C1,...,4 ∈ R, and impose the super-Jacobi identities. Then the solution for parameters C1,...,4 is unique
and the commutation relation is given by
[ˆξµ, xˆν] = iaµ ˆξν − ηµν
(
i(a · ˆξ) + a2 ˆd
)
. (10)
The Lie superalgebra
{
xˆµ, Mµν, ˆξµ, ˆd
}
defined by (1)-(5), (9) and (10) is the unique superalgebra compatible
with κ-Poincare Hopf algebra5 (after including momenta, for example like Pµ in (7)). In [50] it is pointed
out that starting with κ-Poincaré Hopf algebra and the action6 Mµν ◮ xˆλ = ηνλ xˆµ − ηµλ xˆν, Mµν ◮ ˆξλ =
ηνλ ˆξµ − ηµλ ˆξν and Mµν ◮ ˆd = 0 one can obtain the commutations relations (4), (5) and [Mµν, ˆd] = 0. The
commutation relations (10) contain all commutation relations in [42] (see eq. (54) in [42] or eq. (22) in
[50]) with identifying φ = −ˆd and aµ = (a0, ~0).
III. REALIZATIONS IN TERMS OF SUPER-HEISENBERG ALGEBRA
The simplest realization of
{
xˆµ, Mµν, ˆξµ, ˆd
}
in terms of super-Heisenberg algebra is given by
xˆµ = XµZ−1 + i(a · X)Dµ − iξµ(a · q) + i(a · ξ)qµ +
a2(ξ · D)qµ√
1 − a2D2
Mµν = XµDν − XνDµ + ξµqν − ξνqµ
ˆξµ = ξµ, ˆd = ξα
Dα√
1 − a2D2
(11)
where we have used the natural realization for {X, D}, i.e. (7) with Pµ = −iDµ (see also [16, 52, 54, 55]) and
{X, D, ξ, q} satisfy
[Xµ, Xν] = [Xµ, ξν] = [Xµ, qν] = 0,
[Dµ, Dν] = [Dµ, ξν] = [Dµ, qν] = 0,{
ξµ, ξν
}
= 0,
{
qµ, qν
}
= 0,
[Dµ, Xν] = ηµν,
{
qµ, ξν
}
= ηµν.
(12)
5 For details on how to extract the coalgebra, that is, coproducts from commutation relations, see [56].
6 For the definition and properties of the action ◮ see [50].
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Using similarity transformations S (automorphisms of super-Heisenberg algebra)
x′µ = SxµS−1, ∂′µ = S∂µS−1,
ξ′µ = SξµS−1, q′µ = SqµS−1,
(13)
where {x, ∂, ξ, q} and {x′, ∂′, ξ′, q′} are different realizations of super-Heisenberg algebra satisfying relations
like (12), we can obtain infinite family of realizations7 for generators
{
xˆµ, Mµν, ˆξµ, ˆd
}
. For instance, note that
if we use X′µ ≡
(
Xµ − a2(X · D)Dµ
) √
1 − a2D2 and D′µ ≡ Dµ√1−a2D2 we have
xˆµ = X′µ − i
(
X′µ(a · D′) + ξµ(a · q)
)
+
(
i(a · X′) + a2(X′ · D′)
)
D′µ +
(
i(a · ξ) + a2(ξ · D′)
)
qµ
Mµν = X′µD
′
ν − X′νD′µ + ξµqν − ξνqµ
ˆξµ = ξµ, ˆd = ξαD′α
(14)
It is easy to see that X′µ and D′µ generate Heisenberg algebra. On the other hand if we use the bicrossproduct
basis [13] (right ordering [54]) we have
xˆi = xi − iξi(a · q) + i(a · ξ)qi + a
2(ξ · D)qi√
1 − a2D2
xˆ0 = x0 + ia0xk∂k − iξ0(a · q) + i(a · ξ)q0 + a
2(ξ · D)q0√
1 − a2D2
Mi j = xi∂ j − x j∂i + ξiq j − ξ jqi
Mi0 = xi
(
1 − Z
ia0
+
ia0
2
Z
)
− (x0 + ia0xk∂k) ∂i + ξiq0 − ξ0qi
ˆξµ = ξµ, ˆd = ξα
Dα√
1 − a2D2
,
(15)
where
Di = ∂iZ−1, D0 =
Z−1 − 1
ia0
+
ia0
2
,
 = ∂2kZ
−1 +
4
a20
sinh2
(
ia · ∂
2
)
, Z = eia·∂
(16)
In all three examples above, we have used a special type of similarity transformations which transform only
the generators of Heisenberg algebra and leave the Grassmann part unchanged. Alternatively, we can fix
Heisenberg algebra (for example
{
Xµ, Dν
}
), and apply similarity transformation to Grassmann part
{
ξµ, qν
}
such that
ˆξµ = ξ
′
µΣ(D2), ˆd = ξ′αΣ(D2)
Dα√
1 − a2D2
(17)
7 For discussion on realizations and similarity transformations for Heisenberg algebra see [57] and for super-Heisenberg algebra
[50].
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where Σ(D2) is an arbitrary function of D2 satisfying lim
a→0
(
Σ(D2)
)
= 1. The above relations could all be
written in terms of physical momentum, that is Pµ = −iDµ, P′µ = −iD′µ and pµ = −i∂µ.
Note that if we would have NC coordinates without the Grassmann part, then the corresponding exterior
derivative would not be compatible with the Lorentz covariance conditions (4), (5) and (9) (see also [49],
[50]).
IV. OUTLOOK AND DISCUSSION
Our results can be summarized as:
1. By embedding the whole algebra
{
xˆµ, Mµν, ˆξµ, ˆd
}
into the super-Heisenberg algebra, we can express
the exterior derivative ˆd in terms of one forms ξα and functions of momenta (see (11), (14), (15) and
(17)). This way we can interpret relation (10) as (6) but with K λµν (P) = aµδλν − ηµν
(
aλ + a2 P
λ√
1+a2P2
)
,
which illustrates that eqs. (4), (5) and super-Jacobi identities imply that the K λµν cannot just be a
constant, i.e. the algebra is not closed in one-forms ˆξµ. In general there are infinitely many such
algebras (for another explicit example see (8)).
2. The additional one-form φ in Sitarz’s approach [42] is exterior derivative ˆd in our approach, which is
a direct consequence of the definition of exterior derivative (9) and leads to ˆd ◮ 1 = 0. Furthermore
vol = ˆξ0 ˆξ1 ˆξ2 ˆξ3 is invariant under the action of Lorentz generators Mµν and ˆd vol = vol ˆd = 0 in our
approach, and in [44] following Sitarz’s approach vol5 = φ vol = vol φ , 0.
3. In our approach we have defined commutation relations [Mµν, xˆλ], [Mµν, ˆξλ] and [Mµν, ˆd], whereas
such relations do not exist in [42]8.
4. We have obtained realizations of xˆµ ,Mµν, ˆξµ and ˆd in terms of super-Heisenberg algebra. We point
out that we can choose vol = ˆξ0 ˆξ1 ˆξ2 ˆξ3 = ξ0ξ1ξ2ξ3, but the realizations of xˆµ and Mµν always contain
Grassmann part (in [49] xˆ has not contained Grassmann part).
8 The general procedure of how to obtain the commutation relations from coproduct using action ◮ is elaborated in [58], and for
this particular case see [50].
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In this letter we have presented a new unique Lie superalgebra generated by
{
xˆµ, Mµν, ˆξµ, ˆd
}
and defined
by
[xˆµ, xˆν] = i(aµ xˆν − aν xˆµ),
{
ˆξµ, ˆξν
}
= 0,
[Mµν, Mλρ] = ηνλMµρ − ηµλMνρ − ηνρMµλ + ηµρMνλ,
[Mµν, xˆλ] = ηνλ xˆµ − ηµλ xˆν − iaµMνλ + iaνMµλ
[Mµν, ˆξλ] = ηνλ ˆξµ − ηµλ ˆξν, [Mµν, ˆd] = 0,
[ˆd, xˆµ] = ˆξµ,
{
ˆd, ˆξµ
}
= 0,
[ˆξµ, xˆν] = iaµ ˆξν − ηµν
(
i(a · ˆξ) + a2 ˆd
)
(18)
Algebra (18) satisfies all super-Jacobi identities and, with commutative momenta (e.g. (7)), represents a
unique differential algebra satisfying bicovariant calculus compatible with κ-Poincaré-Hopf algebra. We
emphasize that (18) is valid for general deformation vector aµ, i.e. time-like, space-like and light-like.
Note that, by acting with the Lie superalgebra (18) on ◮ 1, we define a reduced algebra generated by{
ˆξµ, xˆν
}
identical with [59] (see equation (6) in [59]). This reduced algebra is nonassociative9 for a2 , 0.
The construction in [59] which leads to this reduced algebra is based on the requirement that the Minkowski
metric is a central element of this graded algebra ( in the first order in the deformation parameter). This ap-
proach leads to formulation of Schrödinger equation with modified mass, modified Klein-Gordon equation,
and deformed electrodynamics.
In [60] there is a construction of general noncommutative metric for a special kind of differential algebra,
i.e. [ˆξµ, xˆν] = iaµ ˆξν, which belongs to the family D2 (see [49]). The construction is based on the requirement
that the metric is a central element in this differential algebra. We plan to generalize this construction for
families D1, D2 and D3 [53], as well as for (18).
Finally, we present the unique differential algebra compatible with bicovariant calculus and κ-Poincaré-
Hopf algebra, which is closed in basic one forms ˆξµ. Namely, if the deformation vector aµ is light-like (e.g.
aαa
α ≡ a2 = 0), then the commutation relations (10) are closed in one-forms ˆξµ i.e.
[ˆξµ, xˆν] = iaµ ˆξν − iηµν(a · ˆξ) (19)
9 The only algebras that are closed in one-forms and associative (i.e. satisfy super-Jacobi identities) are D1, D2 and D3 (for time-
like deformations aµ). In [59], equation (6), an algebra closed in one-forms is presented, but it is not included in the families D1,
D2 and D3, hence it is nonassociative (i.e. it does not satisfy super-Jacobi identities).
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and satisfy all super-Jacobi identities. So, the graded differential algebra (18) with a2 = 0 is associative.
Furthermore, the realizations, eqs. (11) and (14) are identical and reduce to
xˆµ = Xµ + iaαMαµ
Mµν = XµDν − XνDµ + ξµqν − ξνqµ
ˆξµ = ξµ, ˆd = ξαDα
(20)
where we have used Z−1 = 1 − i(a · D) and  = D2. It seems that the graded differential algebra written
in the new covariant form (18), with a2 = 0, i.e. closed in one-forms ˆξµ, was overlooked in the literature
so far, but it is compatible with the 4D bicovariant calculus presented in [51]. We point out that the 4D
graded differential algebra over κ-Minkowski space which possesses bicovariant calculus invariant under
the κ-Poincaré-Hopf algebra exists only for light-like deformations (a2 = 0).
The generators Mµν and Pµ satisfy undeformed Poincaré algebra, see eqs. (2) and (7). The corresponding
κ-deformed Poincaré-Hopf algebra can be written in the unified covariant way [25, 52, 54, 56] and the
coproduct ∆ is given by
∆Pµ = Pµ ⊗ Z−1 + 1 ⊗ Pµ − aµ
(
Pα −
aα
2

)
Z ⊗ Pα,
∆Mµν = Mµν ⊗ 1 + 1 ⊗ Mµν − aµ
(
Pα − a
α
2

)
Z ⊗ Mαν + aν
(
Pα − a
α
2

)
Z ⊗ Mαµ,
(21)
as well as the antipode S and counit ǫ
S (Pµ) =
[
−Pµ − aµ
(
Pα −
aα
2

)
Pα
]
Z,
S (Mµν) = −Mµν − aµ
(
Pα − a
α
2

)
Mαν + aν
(
Pα − a
α
2

)
Mαµ,
ǫ(Pµ) = ǫ(Mµν) = 0.
(22)
The above Hopf algebra structure unifies all three types of deformations aµ, i.e. time-like (a2 < 0), space-
like (a2 > 0) and light-like (a2 = 0). The twist operator F for the time-like case was constructed in the Hopf
algebroid approach in [57]. In the case a2 , 0 twist operator F cannot be expressed in terms of Poincaré
generators only. However, if a2 = 0 the twist operator F can be written in a new covariant way in terms of
Poincaré generators only
F = exp
{
aαPβ
ln(1 + a · P)
a · P ⊗ Mαβ
}
, (23)
and satisfies cocycle condition. This twist operator generates κ-deformed Poincaré-Hopf algebra, defined
by eqs.(21), (22), with Z−1 = 1 + a · P,  = −P2, coproduct ∆g = F∆0gF −1, antipode S (g) = χ S 0(g) χ−1
(where χ = m [(1 ⊗ S 0)F ]), and counit ǫ(g) = 0, where ∆0g = g ⊗ 1 + 1 ⊗ g is primitive coproduct and
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S 0(g) = −g undeformed antipode for g ∈
{
Mµν, Pµ
}
. In the light-cone basis the twist element is written in
a non-covariant form in [61] (see eq. (41) in [61]). The full graded differential algebra for a2 = 0 with the
action ◮ leads to the super-Hopf algebroid structure, which will be elaborated separately.
It is interesting to note that the twist operator in (23) for a2 , 0 gives xˆµ = Xµ + iaαMαµ and ˆξµ = ξµ
(satisfying (19)) and leads to κ-Snyder space [62] defined by
[xˆµ, xˆν] = i(aµ xˆν − aν xˆµ) + a2Mµν, [Pµ, xˆν] = −iηµν(1 + a · P) + iaµPν. (24)
The twist operator (23) for a2 , 0 does not satisfy cocycle condition and leads to nonassociative star
product. This is a new result and the details of this construction and corresponding Hopf algebra/algebroid
structure will be presented elsewhere.
Note that all above results (especially (18)-(24)) are valid in arbitrary dimension n ≥ 2, and for all
non-Euclidean signatures of the metric ηµν.
In the forthcoming work we plan to use our approach in developing the notions of Lie derivative, inner
product, cyclic property for integration and Hodge star , generalizing the results in [44]. Also, developing
the notion of NC Dirac operator [63], star product realization and extended twist operator is crucial for
applying the above approach to NCQFT [24–27], NC gravity [4–6, 10, 11, 60] and relative locality [64, 65].
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